Let X be an arbitrary scheme. The category Qcoh(X) of quasi-coherent sheaves on X is known that admits arbitrary direct products. However their structure seems to be rather mysterious. In the present paper we will describe the structure of the product object of a family of locally torsion-free objects in Qcoh(X), for X an integral scheme. Several applications are provided. For instance it is shown that the class of flat quasi-coherent sheaves on a Dedekind scheme X is closed under arbitrary direct products, and that the class of all locally torsion-free quasi-coherent sheaves induces a hereditary torsion theory on Qcoh(X). Finally torsion-free covers are shown to exist in Qcoh(X).
Introduction
The class of flat quasi-coherent sheaves on a scheme X has been extensively used during the last years, as a natural choice for studying both the homotopy category and the derived category of quasi-coherent sheaves (Estrada et al. (2012) ; Gillespie (2007) ; Hovey (2001) ; Murfet & Salarian (2011); Murfet (2007) ; Hosseini & Salarian (2012) ).
On the other hand Gabber showed (see (Conrad, 2000 , Lemma 2.1.7) for a reference and Enochs & Estrada (2005) for a proof) that the category of quasi-coherent sheaves on an arbitrary scheme admits a family of generators in the sense of Grothendieck (1957) . Therefore this category has enough injectives and direct products always exist on it. However it seems to be a hard task to know an explicit description of this object. This is partially so because, at the level of sections, the direct product of modules is not well-behaved in general with respect to localizations, or more generally, when tensoring by an arbitrary module with respect to a commutative ring (direct products do not commute with tensoring in general). But even in case that the tensor product does commute with products with respect to finitely presented modules (for instance when the ring R is coherent) it is not clear whether the product object in Qcoh(X) can be computed from the product module of sections at each affine open if we do not impose extra assumptions on the sheaf of rings O X attained to X (for instance if O X (U ) is finitely presented as O X (V )-module, for each affine open subsets U ⊆ V ).
The lack of an explicit description of the product object leads to new and relevant questions on the class Flat(X) of flat quasi-coherent sheaves on X. For instance, Murfet in (Murfet, 2007, Remark B.7) raises the question of whether Flat(X) is closed under products, for X a noetherian scheme. This property is crucial to showing that in Ch(A), the category of unbounded chain complexes of A-modules (A commutative noetherian ring), the complex Hom A (I, I ′ ) is a complex of flat modules, for injectives I, I ′ ∈ Ch(A). We point out that the usual notion of flatness in Qcoh(X) is not categorical, as it shown in Estrada & Saorin (2013) . Recently Saorín andŠťovíček (Saorín &Šťovíček, 2011, 4. 2) have given a positive answer to this question for Dedekind schemes. In their argument they use Crawley-Boevey's characterization of preenveloping subcategories of the category of finitely presented objects in a locally finitely presented additive category with products (see (Crawley-Boevey, 1994, Theorem 4.2) . So then they show that if X is Dedekind, the category of finitely presented objects in Qcoh(X) (the vector bundles) is preenveloping, obtaining as a byproduct that its closure under direct limits, the class Flat(X), is closed under products.
If X is affine, there is a canonical equivalence between Flat(X) and the class Flat(R) of flat Rmodules, where X = Spec(R). Now if X is also Dedekind it is well known that Flat(R) coincides with the class of torsion-free R-modules. So, for an arbitrary scheme, it makes sense to define the class F of locally torsion-free quasi-coherent sheaves as the class of F ∈ Qcoh(X) such that F(U ) is a torsion-free O X (U )-module, for each affine open set U . This class contains Flat(X) in general, and indeed it coincides with it for Dedekind schemes. Thus this paper is devoted to study the class F . More precisely, in the first part we will characterize the product object of a family of quasi-coherent sheaves in F obtaining, as a consequence, the forementioned result of Saorín andŠťovíček for Dedekind schemes. The main result of this section is the following (Theorem 3.6).
Theorem I. Let X be an integral scheme. The direct product F of a family {F i } i∈I of torsionfree quasi-coherent sheaves in Qcoh(X) is the largest quasi-coherent subsheaf of i∈I F i . More concretely, it is of the form
One of the consequences of this theorem is that for an integral scheme the class F induces a hereditary torsion theory in the sense of Dickson (1966) in Qcoh(X) (see also Bueso et al. (1991) for an extensive study about torsion theories in Sh(X) (the category of sheaves of O X -modules) and Qcoh(X)).
Flat covers are shown that exist in (Enochs & Estrada, 2005, Theorem 4 .1). In the second part of the paper (Section 4) we show the existence of covers with respect to the class F . This was known from the sixties in case X is integral and affine. The result is due to Enochs (1963) (see also Golan & Teply (1973) for a more general version for arbitrary torsion theories). Thus the main theorem of this section (Theorem 4) states:
Theorem II. Each quasi-coherent sheaf on an integral scheme has a locally torsion-free cover.
Preliminaries
Definition 2.1. Let C be a Grothendieck category. A direct system of objects of C, (M α | α ≤ λ), is said to be a continuous system of monomorphisms if M 0 = 0, M β = lim − →α<β M α for each limit ordinal β ≤ λ and all the morphisms in the system are monomorphisms.
Let S be a class of objects which is closed under isomorphisms. An object M of C is said to be S-filtered if there is a continuous system (M α | α ≤ λ) of subobjects of M which is M = M λ and M α+1 /M α is isomorphic to an object of S for each α < λ.
The class of S-filtered objects in C is denoted by Filt(S). The relation S ⊆ Filt(S) always holds. In the case of being Filt(S) ⊆ S, the class S is said to be closed under S-filtrations. Definition 2.2. Let F be a class of objects of C. A morphism φ : F → M of C is said to be an F -precover of M if F ∈ F and if Hom(F ′ , F ) → Hom(F ′ , M ) → 0 is exact for every F ′ ∈ F . If any morphism f : F → F such that φ • f = φ is an isomorphism, then it is called an F -cover of M . If the class F is such that every object has an F -cover, then F is called a precovering class. The dual notions are those of F -envelope and enveloping class. Definition 2.3. A torsion theory for a category C is a pair (T , F ) of classes of objects C such that
In that case, T is called a torsion class and while F is called a torsion-free class.
In fact, being a torsion class is equivalent to being closed under quotient objects, coproducts and extensions. And its dual form is valid for a torsion-free class.
A torsion theory (T , F ) is called hereditary if the torsion class is closed under subobjects, or equivalently, the torsion-free class is closed under injective envelopes. And it is called of finite type when its torsion-free class is closed under direct limits. The prototypical example of a hereditary torsion theory of finite type comes from the category of modules over an integral domain where T is the class of all torsion modules and F is the class of all torsion-free modules.
3 Locally torsion-free quasi-coherent sheaves A scheme (X, O X ) is said to be integral if O X (U ) is an integral domain, for each open subset U of X, or equivalently, if it is both reduced and irreducible scheme. Since the properties of being reduced and irreducible scheme are local, it may be reduced to the level of affine sets, that is, O X (U ) is an integral domain, for each open affine subset U ⊂ X. From now on all schemes are assumed to be integral.
We start this section by proving that locally torsion quasi-coherent sheaves are easily shown to induce a torsion theory in Qcoh(X):
Proposition 3.1. Let T be the class of quasi-coherent sheaves over X whose image on an affine open subset U is torsion. Then T is a torsion class of a hereditary torsion theory in Qcoh(X).
Proof. Since T is closed under extensions, quotients, coproducts and subobjects, it is a torsion part of the hereditary torsion theory (T , F T ) where F T consists of the M ∈ Qcoh(X) having just the zero morphism from each element of T . Now let F be the class in Qcoh(X) of locally torsion-free quasi-coherent sheaves, that is, F ∈ F whenever F(U ) is torsion-free O X (U )-module, for each affine open set U in X. First of all, we claim that being locally torsion-free is a Zariski-local notion in Qcoh(X).
Lemma 3.2. Let R be an integral domain and M be an R-module. Then the following are equivalent:
(1) M is torsion-free.
(2) M P is torsion-free as R P -module for each prime ideal P . Proof. The implications (1) ⇒ (2) ⇒ (3) are easy. For (3) ⇒ (1), assume that there is a nonzero torsion element x ∈ M . Then the ideal Ann R (x) = {r ∈ R | rx = 0} is neither zero nor R since x is not zero. Consider the maximal ideal m containing Ann R (x). Then m 1 is not zero in M m . But r 1 . m 1 = 0 for any nonzero r ∈ Ann R (x). By the assumption, r 1 = 0 in R m , that is, tr = 0 for some t ∈ R\m. But since r = 0 and R is an integral domain, t = 0 which yields to a contradiction.
Proposition 3.3. Let F be a quasi-coherent sheaf over X. Then the following are equivalent:
(2) There is a cover U of X containing affine open subsets whose images under F are torsionfree.
(3) F x is torsion-free for each x ∈ X.
Since U is a cover of X with affine open sets, there is an affine open set U ∈ U containing x. Since F is quasi-coherent, F x = M P where F(U ) = M is torsion-free and for some prime ideal P ∈ U corresponding to x. This proves (3). Now assume (3). Let U be an affine open set. By assumption, As for the torsion theory in Proposition 3.1, it is easy to see that F is contained in F T of the previous proposition. We may also consider in Sh(X), the category of sheaves of O X -modules, the pair (T , F ) of locally torsion and locally torsion-free O X -modules. This is easily shown to be a torsion theory in Sh(X). However it is not clear if this pair constitutes a torsion theory when we restrict it to Qcoh(X). In pursuing this aim, we will focus on the elements of the class F . It is not difficult to see that F is closed under subobjects and extensions. But proving that F is closed under products requires more work and will be the main goal of this section. We start with the following:
Lemma 3.4. If F is a quasi-coherent sheaf over X which is in the class F , then its restriction maps between affine open subsets are monomorphisms.
Proof. Let V ⊆ U be affine open subsets and res U V : F(U ) → F(V ) be its restriction map between these affine open subsets. Stenstrom (1975, Proposition 8.8, I ), there exist a matrix A n×1 with coefficients from O X (U ) and a vector S 1×n coefficients from O X (V ) such that A.x = 0 and 1 = S.A. But since x is torsion-free and nonzero, A = 0. This contradicts with 1 = S.A.
By Lemma 3.4 and the definition of sheaf, we can result that for every non-empty affine open subset U ⊆ X and for every affine open covering
In the next results we will analyze the interlacing between the product object in F in Qcoh(X) and the product object in F in Sh(X).
Proposition 3.5. Let {F i } I be a family of torsion-free quasi-coherent sheaves over X. Its direct product F in Qcoh(X) is a subsheaf of I F i .
Proof. By definition of the direct product, there is a unique morphism α : F → F i . Then we need to show that Ker α is the zero sheaf. Note that (Ker α)(U ) = Ker α U for every open subset U . Firstly, we will prove that Ker α ∈ Qcoh(X). Consider the following diagram with the one tensorized by O X (V ) for affine open subsets V ⊆ U ,
For short, 
, is a monomorphism by the fact that F is quasi-coherent and Ker α U ⊆ F(U ). Keeping in mind that the morphism g :
• ι 2 = 0 and so by the universal property of the kernel, there is a morphism
The commutativity of the second diagram and the last equality of morphisms helps us to get that f
In fact, the morphism Ker α ֒→ F → F i is the zero morphism for each i ∈ I. The universality of the direct product F in Qcoh(X) implies that Ker α = 0. Theorem 3.6. The direct product F of a family {F i } i∈I of torsion-free quasi-coherent sheaves in Qcoh(X) is the largest quasi-coherent subsheaf of i∈I F i . More concretely, it is of the form
Proof. By the Proposition 3.5 , we know that F is a quasi-coherent subsheaf of i∈I F i . Now, let F ′ be a quasi-coherent subsheaf in i∈I F i . Consider the morphism
for each i ∈ I. By the universal property of the direct product, there is a unique morphism f :
But for an open subset U of X, the projection map π i (U ) : i∈I F i (U ) → F i (U ) is the canonical one. So we can deduce that the morphism f that we have obtained is an inclusion. This proves that F is the largest quasi-coherent subsheaf of
Corollary 3.7. The class F in Qcoh(X) is closed under arbitrary direct products. In particular it induces a torsion theory of finite type in Qcoh(X).
Proof. F is closed under direct limits and under arbitrary products in view of Proposition 3.5.
Since it is also closed under subobjects and extensions it is the right part of a torsion theory of finite type (F ′ , F ) in Qcoh(X).
On an integral scheme every flat quasi-coherent sheaf is locally torsion-free. Thus we immediately follow:
Corollary 3.8. The direct product F of a family {F i } i∈I of flat quasi-coherent sheaves in Qcoh(X) is the largest quasi-coherent subsheaf of i∈I F i . More concretely, it is of the form
Proof. This follows by noticing that every flat quasi-coherent sheaf is in fact locally torsionfree.
Now we get another proof of (Saorín &Šťovíček, 2011, Proposition 4.16).
Corollary 3.9. Let X be a Dedekind scheme. The class Flat(X) of flat quasi-coherent sheaves is closed under taking products in Qcoh(X).
Proof. Let {F i } i∈I be a family of flat quasi-coherent sheaves, hence a family of O X -modules in F . By Proposition 3.5, the product object F in Qcoh(X) is a subsheaf of I F i which is locally torsion-free, because F is a torsion-free class (so, in particular, closed under products). Hence F ∈ F . But for a Dedekind scheme the classes F and Flat(X) coincide, so we are done.
Torsion-free covers in Qcoh(X)
In the previous Corollary 3.7 we showed that the class F of locally torsion-free quasi-coherent sheaves is the right part of a torsion theory in Qcoh(X). One immediate consecuence of this is that each M ∈ Qcoh(X) admits an F -reflection and thus F is a reflective class in Qcoh(X) (see MacLane (1971) for notation and terminology and Saorín et al. (2000) for a nice treatment and characterization of reflective subcategories). So, in particular, we deduce that F is enveloping.
This section is devoted to prove that the class F is also covering, that is, that each M ∈ Qcoh(X) admits an F -cover.
Recall that a quasi-coherent sheaf F is said to be of type κ, for κ an infinite cardinal, if each F(U ) is an O X (U )-module at most κ-generated for each affine open subset U ⊆ X. Let κ be an infinite regular cardinal such that κ >| O X (U ) | for each affine open subsets U ⊆ X and κ >| H |, where H := {res U V | for affine subsets V ⊆ U ⊆ X}.
On the other hand, given F ∈ Qcoh(X), we define the cardinality of F, | F |, as
(here U stands for the set of all affine open subsets of X). Note that if κ is as before, then | F |< κ if and only if F is of type κ.
Lemma 4.1. Let S be the set of isomorphism classes of quasi-coherent sheaves in F of type κ. Then F = Filt(S).
Proof. Let F ∈ F and x ∈ F(U ) for some affine open subset U . By Enochs & Estrada (2005, Proposition 3.3) , there is a quasi-coherent pure subsheaf G ⊆ F of κ type containing x. Here, the purity is considered in the sense of tensor product. As known, it has the global and local properties on affine open subsets, i.e., G(U ) is a pure submodule of F(U ) for each affine open subset U . This implies that rG(U ) = rF(U ) ∩ G(U ) for all r ∈ O(U ), and so F(U )/G(U ) is torsion-free for all affine open subset U , F/G ∈ F . By transfinite induction, we will construct an S-filtration for each object in F . For F ∈ F , consider µ =| F | and F 0 = 0,
From that construction, we get that
And now if we suppose that M α ∈ F , for α < λ, we have a short exact sequence
Since F is closed under direct limits, M α is locally torsion-free whenever α is a limit ordinal. This implies that M λ = M is locally torsion-free.
We will adapt the arguments of Enochs (2012) to the category Qcoh(X) to infer in Theorem 4.7 that F is covering. Since the set of affine open subsets of X is a base of the scheme and uniquely determines quasi-coherent sheaves over it, we will often use the images of a quasicoherent sheaf on affine open subsets.
Lemma 4.2. Assume that (F α ) α≤κ is a filtration of F in Qcoh(X). If | F ′ /F |< κ where F ⊆ F ′ ∈ Qcoh(X), then there is a filtration (F ′ α ) α≤κ which is compatible with the one of F and except for possibly one β < κ, F α+1 /F α is isomorphic to F ′ α+1 /F ′ α and F β+1 /F β is a direct summand of F β+1 /F β with the complement F ′ /F.
Proof.
For each affine open U ⊆ X, S U denotes the O X (U ) submodule of F ′ (U ) which is generated by representatives of F ′ (U )/F(U ). By assumption, | S U |< κ. We can complete these subsets to a quasi-coherent subsheaf of F ′ , say S, containing these submodules S U ⊆ S(U ) and with the cardinality < κ.
We know that there exists β U < κ for each affine U ⊆ X such that S(U ) ∩ F β = S(U ) ∩ F since κ is a regular cardinal and is the length of the filtration. Consider β := ∪ U β U . Now define the new filtration as F ′ α = F α for α ≤ β, and
for affine open subsets and by using the fact S(U ) ∩ F α (U ) = S(U ) ∩ F(U ) for each α ≥ β, the claims mentioned in the lemma follow.
The next corollary says that in Qcoh(X) it is possible to convert a filtration of any length and whose quotient between consecutive factors is bounded by κ into a filtration with κ-length. Recall that for a given class C, Sum(C) is the class of direct sums of objects which are isomorphic to some in C.
Corollary 4.3. Let C be a class of quasi-coherent sheaves with cardinality < κ. If a quasicoherent sheaf F has a C-filtration, then it has a Sum(C)-filtration of length κ.
Proof. It easily follows by making transfinite induction on the length of the given filtration and by using Lemma 4.2.
Let F ′ ∈ Sum(C) with a given direct sum decomposition F ′ = ⊕ i∈I N i such that each N i is isomorphic to some object in the class C, As defined in Enochs (2012) for modules, we call a quasi-coherent subsheaf F ⊆ F ′ ,to be a nice subsheaf relative to this direct sum decomposition if F = ⊕ j∈J N j for some subset J ⊆ I. And F is a nice subsheaf of F ′ ∈ Filt(Sum(C)) if, when we give F the induced filtration (F α ) α≤σ , the image of the canonical map
is a nice subsheaf of F ′ α+1 /F ′ α relative to the given direct sum decomposition of F ′ α+1 /F ′ α for each α < σ.
Lemma 4.4. Let F be a quasi-coherent sheaf and M ∈ Sum(F). Assume that we have a morphism f : M → N in Qcoh(X). Then there exist a nice quasi-coherent subsheaf T contained in Ker(f ) relative to a direct sum decomposition of M ∈ Sum(F) such that | M/T |≤| F | |Hom(F ,N )| .
Proof. Note that M = ⊕ i∈I F i , where F i = F for each i ∈ I. Then the morphism f is of the form (f i ) i∈I , where f i : F i → N for each i ∈ I. Now, we define an equivalence relation on I for the fixed morphism f = (f i ) i∈I as follows: i ∼ j if and only if f i = f j . If J is the subset of I which represents the equivalence classes, we define the subpresheaf F ′ i of M for each i ∈ I\J with j ∈ J and i ∼ j such that F ′ i (U ) includes datas, on each open subset U ⊆ X, having x ∈ F(U ) in the i'th component, −x in the j'th one and 0 in the others. This subpresheaf is isomorphic to F i (U ). So it is a quasi-coherent sheaf which is isomorphic to F i . And also f U (F ′ i ) = 0 for each i ∈ I\J and for each affine open subset U ⊆ X.
where the map h U ((x i ) i∈I ) = (y j ) j∈J , y j = i∈I i∼j x i , is splitting since the map t which is defined on each affine subset U ⊆ X as t U : M(U ) → (⊕ i∈I\J F ′ i )(U ), t U (x i ) i∈I = (y i ) i∈I such that y i = x i for each i ∈ I and y j = i∈I\J i∼j x i for each j ∈ J is compatible with restriction maps and gives us the identity map when composed with the inclusion map from (⊕ i∈I\J Proof. Suppose M = ⊕ i∈I F i where F i = F for all i ∈ I. Then for each i ∈ I, we can consider the quasi-coherent sheaf associated to the one defined on affine open subsets U ⊆ X as
Since it satisfies the condition of quasi-coherence on affine open subsets and commutativity on affine open subset inclusion, it is possible to find such a quasi-coherent sheaf and a commutative diagram
. Now, as done before, we define a equivalence relation on I as i ∼ j if and only if there exists a commutative diagram morphism
Consider the set J of representatives of equivalence classes. Then, for each i ∈ I\J we define a quasi-coherent subsheaf V i of M with properties on affine open subsets U ⊆ X that V i (U ) consist of elements from M = ⊕ I F i having c U in i'th and −c U in j'th component, where c u ∈ F(U ) and 0 for others and where j ∈ J with j ∼ i. It is easy to see that V i is isomorphic to F i . In fact, for a fixed i 0 ∈ I\J, if we define a map t U :
U , where j ∈ J and j ∼ i 0 , and c ′i U = 0. Then, t u • i u = id for each affine set U . This map is compatible with the restriction map on all affine open subsets V ⊆ U ⊆ X. So it can be extended to ⊕ I F i . Finally, V i 0 is a direct summand of ⊕ I C i , for each i 0 ∈ I. Now, we define a quasi-coherent sheaf f −1 (V i ) for each i ∈ I\J with j ∼ i and j ∈ J such
We have a commutative diagram with exact rows for each affine U and i ∈ I\J
With the morphism on affine set U given by σ U : (f −1 (V i ))(U ) → N (U ), σ U (a U + b U ) := (h ij ) U (a U ) + b U , which is compatible with restriction maps, we have σ U • ι U = id N (U ) , that is, the first row is splitting for each affine set U . Then V i has an isomorphic image which is a direct summand in f −1 (V i ). Since V i is also a direct summand in M, we can deduce that V i has an isomorphic image in T , which is a direct summand. Combining all of them and considering the quasi-coherent subsheaf V := ⊕ i∈I\J (V ) i of M, we identify it with its isomorphic image in T . So, the original exact sequence is reduced to the desired one. And also M/V ≃ ⊕ j∈J F j , the claim on the cardinality follows.
Returning to our case of the class of locally torsion-free quasi-coherent sheaves, we can combine all previous results to infer the following Lemma 4.6. Let λ be a cardinal. There is a cardinal µ such that for each morphism f : M → N where M ∈ Filt(S) and | N |≤ λ there is a quasi-coherent subsheaf T of M contained in Ker f such that F/T ∈ Filt(S) and | F/T |≤ µ.
Proof. Using Corollary 4.3, Lemma 4.4 and 4.5, we can apply a transfinite induction on κ mentioned in Corollary 4.3 to find a cardinal as done in Enochs (2012, Theorem 5.1).
Theorem 4.7. Each quasi-coherent sheaf over X has an F -cover.
Proof. Let N be a quasi-coherent sheaf and λ be the cardinality of N . By Lemmas 4.1 and 4.6, there is a cardinal µ such that, for each morphism f : F → N where F ∈ F , there is a pure submodule T of F contained in Ker f with F/T ∈ F of type µ. Then M := ⊕ T ∈S ′ h:T →N T h , with the canonical morphism σ : M → N , is a precover of N (where S ′ is the isomorphism class of locally torsion-free quasi-coherent sheaves of type µ). Finally, since F is closed under direct limits, by (Xu, 1996 , Theorem 2.2.12) (whose proof is valid for any Grothendieck category, so in particular for Qcoh(X)) M has an F -cover.
Remark. Theorem 4.7 may be also derived from Lemma 4.1 and (Saorín &Šťovíček, 2011, Corollary 2.15) .
